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$(W_{t})t\geq 0$ $(\Omega, \mathcal{F}, (\mathcal{F}_{t})_{t\geq 0}, \mathbb{P})$
$(S_{t})_{t\geq 0}$
$\frac{dS_{t}}{S_{t}}=(r-\delta)dt+$ ad$W_{t}$ , $t\geq 0$
$r>0$ $\delta\geq 0$ $\sigma>0$
Black-Scholes $(BS)$
BS Black&Scholes (1973), Merton(1973)
$T$ $K$
$t$
$C(S_{t}, T, K, r, \delta, \sigma)=S_{t}e^{-\delta(T-t)}\Phi(d_{1})-Ke^{-r(T-t)}\Phi(d_{2})$
$\Phi(\cdot)$










$L(<T)$ $t=0$ ESO $t=T_{1}\in(0, T)$
$L=T_{1}+ \frac{1}{2}(T-T_{1})=\frac{T+T_{1}}{2}<T$
$S_{0}=S$ $t=0$ ESO $V\equiv V(S, T, K, r, \delta, \sigma)$










Jennergren & $N$ slund (1993)
BS Jennergren& $N\ddot{a}sl\iota ind$ (1993)
$\lambda$
ESO $V$







$q(S_{t})$ $t$ $S_{t}$ ESO ESO $V$
$V=e^{-rT_{1}}E[q(S_{T_{1}})C(S_{T_{1}}, T-T_{1} , K, r, \delta, \sigma)]$






Jennergren & $N\ddot{a}s^{\backslash }1und$ Cuny &Jorion Carr
&Linetsky $\lambda_{f\text{ }}$
$\lambda_{e}$

















$T$ $N$ $\triangle t=T/N$ $i$ $i$ ESO
$S_{i,j}$ $f_{i,j}$ ESO $f_{i,j}$ $N$ $0$
$f_{0,0}$ ESO
Step 1: $i=N$ $N$ $0$
$N$ ESO
$f_{N,j}= \max(S_{N,j}-K, 0)$
Step 2: $0\leq i\leq N-1$ $N$ ESO
$o$ $(i\triangle t\geq T_{1})$




$-$ $S_{i,j}<H$ ( ) ESO 1
2 $i$ ESO
$f_{i,j}=(1- \lambda\triangle t)e^{-r\Delta t}[pf_{i+1,j+1}+(1-p)f_{i+1,j}]+\lambda\triangle t\max(S_{i,j}-K, 0)$






$H$ $Hull$ &White $H$
$H$ $\lambda$
$H$ $\lambda$
Cvitanic’, Wiener &Zapatero (2008)
Cvitani\v{c} et al. ESO $H=Le^{\alpha t},$ $(\alpha\geq 0)$
$\alpha=0$ $Hull$ &White $Hull$ &White





$\lambda=0,$ $T_{1}=0)$ ESO $V$
$V= E[e^{-rT}\max(S_{T}-K, 0)1_{\{\tau>T\}}]+E[(Le^{-(r-\alpha)\tau}-Ke^{-r\tau})1_{\{\tau\leq T\}}]$
1 $H$
2 $H$ ESO $V$
Cvitani\v{c} et al. $Hull$ &White $H$













$V(S, T)= e^{-\lambda T}V^{O}(S;T)+\int_{T_{1}}^{T}\lambda e^{-\lambda u}V^{o}(S;u)du$
(Raupach (2003) ) $V^{o}(S;T)$ ESO
$V^{o}(S;T)=Se^{-\delta T_{1}}\Phi(d_{11})-Ke^{-rT_{1}}\Phi(d_{21})+Se^{-\delta T}\psi_{S}-Ke^{-rT}\psi_{K}+(H-K)\psi_{R}$
ESO $V^{O}(S;T)$
$\alpha=(\frac{1}{\sigma^{2}})(r-\delta-\frac{1}{2}\sigma^{2})$ , $\beta=\sqrt{\alpha^{2}+\frac{2r}{\sigma^{2}}}$ , $\rho=\sqrt{\frac{T_{1}}{T}}$
$d_{\pm}(x, y, \tau)=\frac{\log(x/y)+(r-\delta\pm\frac{1}{2}\sigma^{2})\tau}{\sigma\sqrt{\tau}}$ , $h_{\pm}(x, y, \tau)=\frac{\log(x/y)\pm\beta\sigma^{2}\tau}{\sigma\sqrt{\tau}}$
$\psi_{S}=\Phi_{2}(-d_{11}, d_{12};-\rho)-\Phi_{2}(-d_{11}, d_{13};\rho)-(H/S)^{2(\alpha+1)}\{\Phi_{2}(d_{31}, d_{32};\rho)-\Phi_{2}(d_{31}, d_{33};\rho)\}$
$\psi_{K}=\Phi_{2}(-d_{21}, d_{22};-\rho)-\Phi_{2}(-d_{21}, d_{23};-\rho)-(H/S)^{2\alpha}\{\Phi_{2}(d_{41}, d_{42};\rho)-\Phi_{2}(d_{41}, d_{43};\rho)\}$
$\psi_{R}=(H/S)^{\alpha+\beta}\Phi_{2}(h_{11}, -h_{12};-\rho)+(H/S)^{\alpha-\beta}\Phi_{2}(h_{21}, -h_{22};-\rho)$
$d_{11}=d+(S, H, T_{1})$ , $d_{12}=d+(S, K, T)$ , $d_{13}=d_{+}(S, H, T)$
$d_{21}=d_{-}(S, H, T_{1})$ , $d_{22}=d_{-}(S, K, T)$ , $d_{23}=d_{-}(S, H, T)$
$d_{31}=d_{+}(H, S, T_{1})$ , $d_{32}=d+(H^{2}/K, S, T)$ , $d_{33}=d_{+}(H, S, T)$
$d_{41}=d_{-}(H, S, T_{1})$ , $d_{42}=d_{-}(H^{2}/K, S, T)$ , $d_{43}=d_{-}(H, S, T)$
$h_{11}=h+(H, S, T_{1})$ , $h_{12}=h_{+}(H, S, T)$





$Hull$ &White $(i\triangle t<T_{1})$
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$(i\triangle t<T_{1})$
. $\max(S_{i,j}-H, 0)\geq e^{-r\Delta t}[pf_{i}+1,j+1+(1-p)f_{i+1_{:}j}]$
$f_{i,j}= \max(S_{i,j}-K, 0)=S_{i,j}-K$
.
















$V^{\text{ }}(S;T)=Se^{-\delta T_{1}}\Phi(d_{+}(S,\overline{S}_{T_{1}}, T_{1}))-Ke^{-rT_{1}}\Phi(d_{-}(S,\overline{S}_{T_{1}}, T_{1}))$
$+Se^{-\delta T}\Phi_{2}(-d_{+}(S,\overline{S}_{T_{1}}, T_{1}),$ $d_{+}(S, K, T);-\rho)$




$e(S, T_{1})= \{1-e^{-\delta(T-T_{1})}\Phi(d_{+}(\overline{S}_{T_{1}}, K, T-T_{1}))\}\frac{\overline{S}_{T_{1}}}{\theta_{T_{1}}}(\frac{S}{S_{T_{1}}}I^{\theta_{T_{1}}}$
$V(S;T)$ Kimura (2009)
$V(S;T)=e^{-\lambda T}V$ $(S;T)+ \int_{T_{1}}^{T}\lambda e^{-\lambda u}V^{O}(S;u)du$
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